CURVATURE-DIRECTION MEASURES OF SELF-SIMILAR SETS 

TILMAN JOHANNES ROTHE AND MARTINA ZAHLE 



Abstract. We obtain fractal Lipschitz-Killing curvature-direction measures for a large 
class of self-similar sets F in M"* . Such measures jointly describe the distribution of 
normal vectors and localize curvature by analogues of the higher order mean curva- 
tures of differentiable submanifolds. They decouple as independent products of the 
unit Hausdorff measure on F and a self-similar fibre measure on the sphere, which can 
be computed by an integral formula. The corresponding local density approach uses 
an ergodic dynamical system formed by extending the code space shift by a subgroup 
of the orthogonal group. We then give a remarkably simple proof for the resulting mea- 
sure version under minimal assumptions. 

1. Introduction 

The "second order" anisotropic structure of self-similar sets F in R'^ is studied by 
means of approximation with parallel sets F(e) of small distances e. This leads to frac- 
tal curvature -direction measures and their local "densities". From the isotropic point of 
view this was first investigated in the pioneering work by Winter [WinOSj (determin- 
istic self-similar sets with polyconvex parallel sets, curvature measures) and then in 
^ahll I (self-similar random sets with singular parallel sets, total curvatures), |WZ10| 
(deterministic measure version for singular parallel sets) and |RZ10J (dynamical ap- 
proach to curvatures measures and their local densities) . The special case of the Minkowski 
content was treated earlier, e.g. in |LP93| and |Fal95l {d = 1), in IGatOOl (self-similar 
random fractals for any d), in [KKIO] [d — I self-conformal sets), and in a very general 
context recently in IRW09I . 

In the present paper we extend these results to anisotropic quantities for the fractal sets 
(cf. the remark at the end of the paper). We mainly follow the dynamical approach from 
IRZIOI and give a new and short proof for convergence of the corresponding measures 
under wetiker assumptions, which considerably simplifies the former approaches. 
The classical geometric background are extensions of Federer's curvature measures for 
sets of positive reach ( IFed59l ) regarding normal directions, the so-called curvature- 
direction measures or generalized curvature measures (cf. | SchSO ] , | Zah86 1 , and various 
subsequent papers). In the context of differential geometry they would correspond to 
the integrals of higher order mean curvatures over those points of the boundary which 
together with the unit normal belong to a fixed Borel set in R'^ x S''^^ . Since the bound- 
aries under consideration are non-smooth, we are working with integrals of generalized 
mean curvatures over their unit normal bundles in the sense of IRZ05I . 
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Under some regularity condition on the parallel sets, which is always fulfilled if d < 3 
(according to a result in |Fu85l ), these signed measures Cic[F{e),-) on R'' x S^"^ of order 



k are determined for almost all e (see Section 2.2 . Let G be the subgroup generated by 
the orthogonal components of the similarities associated with F. We first restrict the 
curvature-direction measures to covariant sets Af[x, e)x from a suitable neighbor- 
hood net in R'^ x S^^i, e.g. to {F{e]n B[x,a€)] x (j)R, where a > 1 is fixed, x e F, i? is a 
Borel set in S'^^^ and (p an element of G. Under some integrability condition we obtain 
for any R and almost all (x, 0) e F x G an average limit of the rescaled versions 

e-''Ck{F{e),Apix,e)x(pR] 

as e ^ ( Theorem |3. 5} . For the total value aX R — S'^^^ this corresponds to the k-th 
fractal curvature densities introduced in | RZIO | . As function in R the limits may be con- 
sidered as second order fibre measures which, divided by the total values, describe the 
local fractal direction 'distributions' weighted by curvatures. Due to self-similarity and 
the behavior of the classical curvature-direction measures these limits do not depend 
on the base points x and on 0, i.e., we obtain at almost aU points constant fractal cur- 
vature densities, constant fibre measures and therefore also constant local curvature- 
direction distributions. In this part of our approach an extended ergodic dynamical 
system together with the geometric scaling and invariance properties of F, A p and Ck 
provide the main tools. 

Then an appropriate choice of the neighborhood net Ap, similar as in IRZIOI , and a 
new method of proof is used in order to derive the corresponding measure result: Under 
some slightly stronger uniform integrability condition the rescaled curvature-direction 
measures 

weakly converge in the average as e ^ to a fractal curvature-direction measure which 
is the product of the normalized Hausdorff measure M'^ on F and the above fibre mea- 
sure (Theorem |3.9| . 

(The fractal curvature measures of order k — 0,l,...,d from IRZIOI arise as the pro- 
jection measures on the base point component. Because of self- similarity they are all 
constant multiples of the normalized Hausdorff measure on F and the constants agree 
with the above fractal curvature densities.) 

The new approach makes the proof much shorter, even in our non-isotropic version. 
It enlightens the essential measure theoretic background and shows that the uniform 
integrability condition is sharp. 

Finally, a modified Sierpinski gasket is discussed as an example. 



2. Basic Notions 

2.1. Self-similar sets, code space, and measures. The notion of self-similar sets is well- 
known from the literature. See Hutchinson IHutSlI for the first general approach and 
the relationships mentioned below without a reference. We use here the following no- 
tation and results. 

The basic space is a compact set / c R'' with J — intj. Si,..., Sat denotes the generat- 
ing set of contracting similarities in R^ with contraction ratios ri,...,rN and orthogonal 
group components </; i , . . . , (/Jjv . 



CURVATURE-DIRECTION MEASURES OF SELF-SIMILAR SETS 



3 



We assume the strong open set condition (briefly (SOSC)) 

JV 

lJSj(/)c/, S,(int/)nSz(int/) = 0, 

and that there exists a sequence of indices /i, Z21 • ■ • . s {1, 

S/,oS/,...oS/,„(/)nint//0. 
The latter (strong) condition is here equivalent to 

Fnint//0 

where F denotes the associated self-similar fractal set F. (According to a result of Schief 
(see IS ch94i ], (SOSC) for some / is already implied by the open set condition on the sim- 
ilarities. A characterization of (SOSC) in algebraic terms of the S, is given in Bandt and 
Graf |BG92|.) The set F maybe constructed by means of the code space W := {!,. . ., AT}^, 
the set of all infinite words over the alphabet {1,...,N]. We write W" :— {l,...,N]" for 
the set of all words of length \ w\ = n, W* :— IJ^^j W" for the set of all finite words, 
w\n :— WiWz-.-Wn if w — WiWz-.-Wn, if «+i • ■ • for the restriction of a (finite or infinite) 
word to the first n components, and v w for the concatenation of a finite word v and 
a word w. If w — Wi...Wn & W" we also use the abbreviations Su, := S,„j o . . . o Su,„ , 
fw '■— fwi° ^w„, and Tu, :— r^^... ruj„ for the contraction ratio of this mapping. Fi- 
nally we denote Ku, :— Sw{K) for any compact set K and w e W*. (For completeness we 
also write K13 := K.) In these terms the set F is determined by 

00 

F=n u 

n=l weW" 

and characterized by the self-similarity property F — Si[F) U . . . U Sjv(-F). Iterated appli- 
cations yield 

F= y n&N. 

weW" 

As in the literature, we will use the abbreviation 

JV 

S{K) -.^[jSjiK] 

j=i 

for compact sets K, i.e., F — S"{F], ?i e M. 

Alternatively, the self-similar fractal F is the image of the code space W under the pro- 
jection 71 given by 

n[w):= lim S,,„|„Xo 

for an arbitrary starting point Xq. The mapping w ^ x — n{w) is biunique except for 
a set of points x of D-dimensional Hausdorff measure zero, and the Hausdorjf di- 
mension D of F is determined by 

N 

(2.1.1) S''/'"^- 

j=i 

Up to exceptional points we identify x & F with its coding sequence andwrite XiX^... for 
this infinite word, i.e. n{xiX2 ...] — x, and write 

x\n I— X\ . . . Xfi 



with respect to mt /, i.e., 
...,N] such that 
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for the corresponding finite words. 

If V denotes tlie infinite product measure on W determined by the probability measure 
on the alphabet {l,...,Ar} with single probabilities r^,...,r^, then the normalized D- 
dimensional Hausdorff measure with support F equals 

(2.1.2) ■.^M'°{F]-^M'°{Pr\[-)] = V o TT^i . 

It is also called the natural self-similar measure on F, since we have 

N 

(2.1.3) iip^^rfiipoSj\ 

j=i 

G is the compact group generated by all the ifj, i.e. the orthogonal group compo- 
nents of the Sj : 

(2.1.4) G:=cl{(/?; :7 = l,...,A^}co(d) 

Denote its normalized Haar measure by Mg ■ 
From (SOSC) on / one obtains 

(2.1.5) j \lnd{y,J')\diip{y]<oo 

( IGra95l Proposition 3.4]) and fip{d J) — 0. Furthermore, by the open set condition F is 
a D-set, i.e., there exist positive constants Cp and Cp such that 

(2.1.6) cpr'^ <^°{FnB{x,r))<Cpr° , xeF, r<diamF. 

Finally, we write f ® g{x,n) — f[x) g{n] if / : ^ R and g : S^^ —> R, and fi^v for 
the product measures of /i and v, and ^ (/) for J fd^. 

2.2. Curvature-direction measures of parallel sets. We will use the following notations 
for points x and subsets £ of R"^ : 

d{x,E) :— inf |x — y I , \E\:— diami? = sup |x — y| . 

x.yeE 

The background from classical singular curvature theory is summarized in iZahlll . We 
recall some of those facts. For certain classes of compact sets K (ZR^ (including many 
classical geometric sets) it turns out that for Lebesgue-almost all distances r > the 
parallel set (r-tube, offset, Minkowski sausage) 

K{r):^{x:d{x,K)<r] 

possesses the property that the closure of its complement 

K(j) := KirY 

is a set of positive reach in the sense of Federer |Fed59l with Lipschitz boundary. A 
sufficient condition is that r is a regular value of the Euclidean distance function to 
K (see Fu |Fu85 Theorem 4.1] together with |RZ03 Proposition 3]). (In R^ and R^ 
this is fulfilled for all K, see |Fu85l) In this case both the sets K{r) and K[r) are Lips- 
chitz d-manifolds of bounded curvature in the sense of IRZ05I , i.e., their k-th Lipschitz- 
Killing curvature-direction measures, fc = 0, l,...,d — 1, are determined in this gen- 
eral context and agree with the classical versions in the special cases. Their marginal 
Cic [K{r],R'' X •) is known as area measure in convex geometry. Moreover, they satisfy 

(2.2.1) Ck[Kir),-)^i-lf-'-''Ck {Kir),pi-)) , 
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where p [x, n) — {x, — n) is the reflection on x S''"^. The Ck{K{r),-) are signed mea- 
sures with finite variation measures C™{K(r), ■) and the explicit integral representations 
are reduced to |Zah86| (cf. |RZ05 Theorem 3] for the general case). 

Cd-i[_K{r),- X S'^^^) agrees with one half of the {d — \)- dimensional Hausdorjf mea- 
sure M'''^^ on the boundary dK{r). For completeness we define Cd[K{r),-) as Lebesgue 
measure restricted to K{r), times the unique rotation invariant probability measure on 
S'^^i. The total measures (curvatures) of K{r] are denoted by 

Cfc iK{r)) := Ck (r),R^ x S'^-i) ,k^O,...,d. 

By an associated Gauss-Bonnet theorem (see IRZ03I Theorems 2,3]) the total Gauss cur- 
vature CoiK{r]) coincides v«th the Euler-Poincare characteristic x{K{r)). 
In the present paper only the following main properties of the curvature measures for 
such parallel sets will be used, AQW^ ,R<^ S'^^^ Borel: 
The curvature measures are motion invariant, i.e., 

(2.2.2) Ck [g[K{r)),gA x ^^r] = Q {K[r),A x R) 

for any Euclidean motion g, orthogonal component <pg 

they are homogeneous of degree k, i.e., 

(2.2.3) Ck{>-K{r),{^A)xR)^?J'Ck[K{r),AxR), A > 0, 
and locally determined, i.e., 

(2.2.4) Ck [K{r),[-)nOx S'^'^] = Ck [k' (r') ,(-)nO x S'^'^] 

for any open set 0<zW' such that K{r)r\0- K'{r')r\0, where K{r) and K'[r') are both 
parallel sets where the closures of the complements have positive reach. 



3. Curvature-direction measures of self-similar sets 

3.1. Covariant local neighborhood nets. Throughout this entire paper, we will assume: 

Assumption 3.1. (Regularity of parallel sets) For Lebesgue almost all e > 0; 

(1) reach F(e)_>0, 

(a) nor_F(e)npnorF(e) = 0. 

Here norX denotes the unit normal bundle of a set with positive reach (as subset of 
jjrf ^ gii-i^ cf. the reference papers) and p the normal reflection [x, n) > {x, — n). Cur- 
vature measures of F(e) exist under these conditions. Many classes of sets satisfy this 
requirement, e. g. in case F{e) is polyconvex, or any set F in space dimension d < 3. 

In order to refine the results from |RZ10| and |WZ10| for the anisotropic case we will 
consider the covariant local neighborhood nets {Ap (jc, e) c x S''^^ : x e _F, < e < eo} 
from I RZ 101 marked by direction sets R&(M {S'^^^) ■ As a main step we will show that for 
a certain constant b, the measures 



|ln5| 



(3.1.1) Ap,;,,5(i?):=-^ I e-''CkiFie),AFix,e)xR)e-'de 



on S"^ ^ converge weakly as 5 ^ for /if -almost all x (Corr. 3.10 . The limit measure 
£)(-frac|^ is the directional component of the fractal curvature-direction measure C[™ [F, ■] 
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to be derived on F x S'' ^ . To this aim we first consider the sets (x, e) x ^ [R] for a fixed 
RedS [S''-^] and calculate the limit 

lini Ai7,x,5 {(pR) - Dct'^c^p (0i?) 



for jUp-almost all x e F and J^c-almost all ^ e G (Theorem 3.9 . The main tools are 
to translate the prohlem into the language of an extended shift dynamical system, and 
Birkhoff 's ergodic theorem. 

Definition 3.2. Let constants a>l and eg > be given, and denote 

b :=max {2a, e^^ . 
A covariant neighborhood net in F is a family of measurable sets 
{^f (x,e)CR'' xS"*"^ : xeF,0<e<eo} 

satisfying the following three conditions. 

(1) AF(x,e)c(F(e)nB(x,ae)), 

(2) Af{x, e) = SjAp [s-^ (x) , rr^ej if 1 < ; < AT, x e Fy, and e < [x, [Sj /b. 

(3) The indicator function lyij,(x,t) (z) is a measurable function of (x,e,z)e Fx(0,eo)x 

(Note that rj^e < eo in {2).) 
Example 3.3. Two possible choices of yip are: 

(3.1.2) Af{x,€) := [F{e)(^B{x,ae)), e>0, 

(3.1.3) Ap{x,€) := {x'eF(e):|x-x'|<p/7(x',e)}, 

0<e<eo :=^^(F)i/^ 

where p e) is determined for < e < eo by the condition 

pp(x',e) = min{p : J^^(Fn B(x',p)) = e^}. 

The choice |3.1.3) is important because of its close ties with the measure version of our 
main results, as discussed in section 3.4 and is made to match j3.4.6) . The requirements 
of the definition are met, see IRZIOI Lemma 2.1.2]. 

3.2. Main result 1: fibre measures. Recall G from |2J~4) . 

Notation 3.4. For Borel sets R c S'^ ^ define 

d{x,]')lb 



(3.2.1) := \ 

2.;=iTllnol 

■' ■' FxG d(x,(S,, /)')/& 

e-^ Ck[F{e),Ap{x,e)x 4){R)) e'^de d (/if <8)J^g)(x,0) 

provided the integral exists. It serves as a limit object, and we will show it is a (signed) 
measure. D'^ia^^p is defined by substituting the variation measure for Ck in the for- 
mula. 

The case of an infinite limit is only relevant to prove our results are sharp. 
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Theorem 3.5. (Fibre measure) Suppose that the self-similar set F in R'' with Hausdorjf 
dimension D satisfies the strong open set condition w.r.t. int /. Let the system of all 
Ap(x,e) with x & F , e < e^, be a covariant neighborhood net with constants a > 1 and 
eo > 0. Letb — max(2a,eQ^|/|)). Let k e {0, l,...,d}. Ifk < d —2, we additionally sup- 



pose the regularity of parallel sets: Assumption 3. 1 Recall 

d(x,nib 



llnSI 



5 



Then for any fixed Borel setR c S'' ^ and yip® M'c-a-ii- [x,4>) ^ F x G the following 
average limit exists 

(3.2.2) limAF,^,5 {(p [R]) = Dc<r..^piR) 

provided the double integral in |3.2.1( converges absolutely. For k & {d — l,d} it always 
converges absolutely. 

The assertion remains true (even without assuming integrability) ifCk is replaced ev- 
erywhere with C^, CjT, orC™, and accordingly D^sac^p. 

Remark 3.6. For the choice of Ap as in (3. 1.3) , the mapping R ^ D(>iac^p[R) is the con- 
stant fibre of the disintegration of the associated /c-th fractal curvature -direction mea- 
sure over the Hausdorff measure, see sectionlT?! 



The case k — d treats the Minkowski content and is formally included, but DcJ^'if 
is always isotropic and does not provide geometric information beyond its total mass. 
Even that is redundant, because whenever D < d, 

I 

and one side exists whenever the other one does, see IRW09I Theorems 4.5, 4.7] and 
Theorem l3.9l 

Remarks.?. Using 12.1.5) , one can see that a sufficient (sharper) condition for the abso- 



lute convergence of the integral (and also for the uniform integrability in Theorem 3.9 
is 

(3.2.3) esssup e"*^ C™(F(e),^f(x,e) x < oo. 

e<eo,(^x,ij))eFxG 

In case of polyconvex parallel sets F[e) this is always satisfied. The modifications to 
[Win08 Lemma 5.3.2] are sketched in |RZ10 Remark 2.2.3]. 

In case of k — d or k — d — I, this also holds, see IRZIOI Remark 3.2.2]. 

More information on this condition can be found in IWinl2l . 

3.3. Extended shift dynamical system and proof of the theorem. As an essential aux- 
iliary tool for the proof we use the ergodic dynamical system [W x G,v®Mg, S] on the 
code space Wand the compact group G generated by the (/?,-, i — l,. . ., ATfrom j2.1.4) , for 
the skew-product shift operator : WxG—> WxGvjith9{wiW2..., ^):—{w2W3..., tPiJi° 
0). Recall tpi (here the Rokhlin cocycle) is the orthogonal group component of S,-, Mg 
is the unique normalized Haar measure on G, andpp[A) — M''^{Fr\A) /J^^^(F). Let P^d 
be the projection onto the first component, and Pg onto the second. 

Fact3.8. [WxG,v®M'G,d] isergodic. i 1Gra95l Proposition 5.1] ) 



CURVATURE-DIRECTION MEASURES OF SELF-SIMILAR SETS 



8 



According to j2.1.2) , [W x G,v ^ Mg ,d] induces the ergodic dynamical system [ F x 
G, yLp^ J^G . T] , where the transformation TiFxG^FxGis defined for /ip (8) M'g -a.a. 
(x,0) by 

taking into regard that /if (S,(F) n Sy(F)) = 0, / / j. (More general references on this 
subject may be found, e.g., in Falconer |Fal97| , Mauldin and Urbanski |MU03|.) Recall 
we identify a.a. points in F with their coding sequences. 

Now we will show the curvature located on the covariant neighborhood Ap is co- 
variant under the shift map. Note the transformed e stays in the domain of definition: 
e < b-^d{x,{Sx\iiy) implies e < r^Je < eo, since dix,{Sx\ijy)- r^ii d[Pj^,i T' (x,0) ,/'^). 
From this andj4i;(x,e) c B{x,ae) we obtain for Lebesgue-a.a. e, /ip® J^c-a.a. (x,0) e 
F xG, and / e N satisfying the first condition the equalities 

(3.3.1) Ck{F[elAF{x,e)x(j)[R)) 
= Ck{F,iiie),Apix,e)xcj)iR)) 
= Cfc (F.|;(e),S,|/Ap (s;i {x),r;^]e] x (i?)) 
= '■MiCk{F{r;^je),Ap[s;l,ix],r;^]e] x {^;^] o cj> [R]]] 
= rl^liCk [F{r;^]e),Ap (Pr. t' [x, 0) , r^-Je) x Pa t' [x, 0) {R)] . 

Here we have used the locality 12.2.4) of the curvature measure Ck, the covariance of the 



sets j4i;(x, e, R) (Def. 3.2 , the scaling property ]2.2.3) of Ct under similarities, and have 
expressed the inverse map of the IFS using the shift operator. 

Measurability of (x, 0,e) Ck {F{e),Ap{x,e) x 0(i?)) is proved the same way as in 
IRZIOI Lemma 2.3.1]. This works for measurability in x,e for a fixed — id. General 
can be recovered by concatenating with the (measurable) group action of . 

Finally, the limit of the Apx.s measures 

lim^ e-''Ck{Fie),Ap[x,e)x(j,[R))e-'de 



can be checked using the methods of |RZ10' Section 2.3]. The main idea is to separate 
the integral into chunks the Birkhoff ergodic theorem can be applied to. The above 
computation shows each chunk is a summand in the ergodic average. Their Ap[x,e] 
has to be replaced with our Ap{x,e) x (p[R), dfip{x] v«th d [fip^Mc] (x, 0), and their 
d (T'x, J'^) with d (Pr,! T' (x, 0) , . 

The proof for the variation measures works the same way. (The integrability 
assumption of the Birkhoff theorem can be replaced with positivity.) The extension 
of the limit to all 5 ^ is done by monotonicity arguments and by bounds on their 
5{x,n{x,5')]/5' instead of their equation (28). 

3.4. Main result 2: convergence of curvature-direction measures. Fractal curvature- 
direction measures exist under slightly stronger conditions. The local fractal curvatures 
D(^tmc^p[R) from Theorem 3.5 play the role of (constant) fibre measures on F with re- 



spect to the normalized Hausdorff measure (ip. This is in analogy to the case of a dif- 
ferentiable submanifold M of R"^, where the (local) fibre measure on the sphere S^"^ 
over a point x e M is given by a symmetric polynomial of principal curvatures times 
signed unit mass atoms on the unit normals with footpoint x, and where the (global) 
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curvature-direction measure is the integral of these fibres with respect to the intrinsic 
Lebesgue measure on M. 

Instead of adapting the proofs scattered over f RZlOlfW^ lO'Zahlll lWinOSl in a routine 
way, we propose a shorter proof under weaker, sharp assumptions. 

Following IRZIOI , a Fubini argument is applied to the total curvature to move the 
Hausdorff measure on F, which is invariant under the shift on F, from inside the defini- 
tion of the covariant neighborhood net, to the outermost integral |3.4.6( . This connects 
the curvature-direction measure with the local fibre version and the shift dynamical 
system on F. Crucially unlike IRZIOI , we already work with the measure at this stage 
instead of its total mass. 

The group extension of the shift dynamical system accounts for the way pieces of the 
attractor F are rotated under the IFS. This is not neutralized by integrating over F alone, 
as done in the Fubini expression, so we need a convergence result for unrotated fibre 
measures. Using the Birkhoff ergodic theorem, Theorem 3.5 gave us a result on fibres 
rotated in almost any way. Corollary |3 . 1 0| improves this to unrotated ones, at the price 
of weak convergence. 

The dynamical system shrinks the covariant neighborhood net of each point at its 
own speed, whereas the parallel set width has to be shrunk globally. This discrep- 
ancy introduces a uniform integrability condition, which we show to be necessary and 
sufficient for the convergence of fractal curvature-direction measures to our formula 
(Proposition 3.12 . See also Remark 3.7 for an "easier", sufficient condition. 



Finally, CoroUay 3.14 touches upon whether the similarity dimension is always equal 
to the curvature scaling dimension. If the fractal curvature vanishs trivially, then the 
curvature of the parallel sets F^ is concentrated near the boundary d J of the (SOSC) 
open set. 

Recall 0(-frac|p is defined by (3.2.1) . 

Theorem 3.9. (Fractal curvature-direction measure) Suppose that the self-similar set F 
in R'' with Hausdorjf dimension D satisfies the strong open set condition w.r.t. int /. Let 
the system ofallAp(x, e) with x e F, e < eo, be the covariant neighborhood net given in 
|3.1.3( with Constanta — 2Cp^^^, where Cp < I fulfills |2.1.6) . Letb = max (2a, Cq ^|/|)). 

Letk& {Q,\,...,d]. Ifk <d — 2, we additionally suppose the regularity of parallel sets, 
Assumption 3.1 and assume the function 

Co 

(3.4.1) Fbx^-^ €-''cr(Fi€),Bix,a€)xS''-^] e-^de 

|lno|J " 

5 

is uniformly M"^ -integrable for Q < 5 < Cq- 

Then the following limit exists in the weak sense: 

Co 

(3.4.2) Cf'(^'.-):=lim-^ e"-*^Ct(F(e),-) e-'de. 

5^o|ln5|J 

5 

The limit is a product and is uniquely specified by 

Cl''''[FBx R)^M'"{Fr\B)Dc<,.c^p[R) 
for Borel sets B ^R'' , R ^ S'^-K 



The assertion is true for Ct, C, , and CY", see Proposition 



3.12 



below. A sufficient 

condition for uniform integrability was discussed in Remark|3.7| Under that sufficient 



CURVATURE-DIRECTION MEASURES OF SELF-SIMILAR SETS 



10 



condition, there is a more convenient formula for the total mass of D^sac^p, see IWinOSI 
Theorem 2.3.6] and IZahlll Theorem 2.3.8]. We conjecture it also v^rorks in our case. 

Proof. Since the set F(eo) x S"^"^ is compact, any continuous function on it can be 
approximated in norm with product type functions. Linearity and the fact Af{x, e) c 



B{x,ae) then reduce the problem to Proposition 3.12 belov^r. In case k — dork — d — \, 



uniform integrability is due to (3.2.3| . □ 



The following corollary to Theorem 3.5 strengthens it to hold for all elements of G 



instead of J^g -almost all, at the price of weak convergence. Geometrically, it means 
D*f,„ is the "distribution" of normal rays on the fractal, weighted by the fc-th higher 
order mean curvature. 

Corollary 3.10. Assume the conditions of Theorem \3.S\ except uniform integrability of 
(3XT), and let± e {+, -}. Write 

d[x,nib 

1 

11^1 



(3.4.3) A*^5(i?):=— — e-^C^{F{e),AF{x,e)xR) e-^de, RQS'^-^Borel. 



5 



Then for ^p-a.a. x& F, the following limit exists and does not depend onx: 
(3.4.4) lim A± ^ ^ (g) = D± , „ (g) , for continuous g : S'*-' [0, 1] . 

Proof. Firstly, A^^ ^ and D*rrat|p are Borel measuress on S''^^: Measurability of the inte- 



grand is covered in Section 3.3 To show cr-additivity using the defining formulas l |3.2.1) , 
(3.4. 3( , we combine the measure property of C^{_Fie),-), and the monotone conver- 
gence lemma. 

Next, we will show convergence of A^^ 5 ° 0^ for almost all x e F, e G. Let S% be 
a countable system of open sets that generates the topology of S"^ ^ We will assume 
S^^i e ^, to help with the total masses. Set 

$ |0 e G : Um A±^ ^ = (J?) for allR&M, /if-a.a. x e f} . 

$ has full M'g measure since M is countable, so $ is not empty (Theorem 3.5 . 

Consider the case has finite mass. A generator of the topology is a convergence- 

determining class. (|Bil99 Theorem 2.3] also holds for sequences of finite measures if 
the total masses converge.) Consequently, we have weak convergence: for all e $, 
almost all x&F, and all continuous g : S''^^ —> [0, 1], 

l™At,,(go0-i)=D^,„,^(g). 

Since g o is also continuous, we may substitute it for g, 
l™A^,,,,(g)=D^,„,^(go0). 



As a Haar integral, D%,- . is invariant under 0: 

l™At,,(g)=D^,„,^(g). 



In case of infinite D*f„ , both it and the map g liminfg^o At ^ (g) still are 

invariant, and $ is dense in G. A finite covering argument shows both are infinite on 
every open set i? / and (any level set of) every non-vanishing g, thus the assertion. 

□ 
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This well-known fact will compensate that the supports of jjip and Ck[F{e],-) are 
close but not identical: 

Lemma 3.11. LetX be a metric space, g : X x (0,oo) —> [0,oo), go : X —> [0,oo), and let 
f be a continous and bounded function f : X ^R, and x e X such that f(x) / 0. The 
following are equivalent, including the existence of the limits: 



(1) /(x)lim5^oij^J5°g(^,e)e ^de^ f{x)go{x), 

(2) lims^o Jg" (minj,eB(x,t)/(y)) g(^,e)e-i<ie = /(x)go(x). 



Proof. Note minyeB(jc,t) |/ (y) | > for sufficiently small e. Denote by the modulus of 
continuity. Since vamBi^x.e) f <f{x)< mmB{x,e) f + '^f (e). if is enough to show 

So 

limsup— - C0f{€)g{x,€)€^^de-0. 
s^o Iln5| J 

5 

Given any 17 > 0, there is a 5i such that (y/(e) < rj |minB(x,e) /| < 17 \fix)\ whenever e < 
5 1. We split the above integral at 5i. The fact go[x) is finite implies ° g(x, e)e ^de < 
00, so that part of the limsup becomes zero. The other partis atmost r7go(x)|/(x)|. □ 

Proposition 3.12. Assume the conditions of Theorem \3. 9| except uniform integrability of 
|3.4.1( , and let± e {+, — }. Then for all continuous f : R'' — > [0,oo) and g : S^"^ —> [0,oo), 



f N \ 



if 

liminf—— e^^'^C^ (F(e),/<g) g] e-^de> Vrfllnr, 

The following are equivalent: 

(1) The lower limit exists as a limit, and we have equality. 

(2) The expression 

(^.0) ^-'ctiFie), UA..e) ® (g ° r'] ) e-'de 

s 

is uniformly Pf ® -^G-integrable for <5 <eo, or both sides of the assertion are 
infinite, or f is zero on F. 

The integral in l|2) differs from Ap^.s (g ° (p ^) only by its upper boundary. 

Proof. The left side of the assertion will be assumed finite for the entire proof. 

We will reduce the problem to Theorem 3.5 and the previous corollary, taking into 
regard the relationship 
(3.4.5) 

J f{z]gin)dCt{F{eUz,n)]>j (^min^/ j C±(F(e), l^,(x,e)® g) t^J^^Cx) 
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for a.a. e < eo, with equality if / is a constant. The sets Ap were defined in ^3.1.3) to 
make this possible: {R c S'^ i Borel) 



(3.4.6) J f{z)dCt[F{eUz,n)) 

fiz] 3^° [Fn B[z,pp[z, e)) dC^ (F(e), (z, n)) 
J J /(z)l(|x-z|<pf(z,e))rfC±(F(e),(z,«))rfJ^^(x) 

F F(e)xidi? 

> J l^^min^/j J l(|x-z|<pHz,e)) rfC*(F(e),(z,n))<iJ^^(x) 

F F(e)xidR 

Kmin /■(z) I C*(F(e),^H^,e)xi?]rfJ^^(x). 



We were allowed to apply Fubini because the integrand is positive and all measures cr- 
finite. Approximating with staircase functions yields (3.4.5} . Then we get 



1 



llnSI 



e°-' fiz]g[n]dCt{P{e],iz,n)]e-'de 



5 Fie) 
eo 



(3.4.7) > 



Fatou's lemma lets us take the lower limit as 5 ^ under this integral. The liminf on 
the left side was assumed finite, so the integrand on the right is finite almost everywhere. 
Next, Lemma 3.11 permits us to replace [mmB{x,ae]f] with/(x), except in case/(x) = 0, 
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where the minimum already agrees with /(x). 

to 

liminf-^ fmin /I e-*^C±(F(e), I^hx.O® g) e-irferfJ^^(x) 

5^0 |mo|J yB(x,ae) J 
5 

to 

I^UiJ^J i^l^Z^] ^-^C,- W W.,,«g) e-^ded^-M 
s 

to 

0— >o I m o I I 

F 5 



Reading backwards, Theorem 3.5 guarantees that the lower limit is a limit and Lemma 
3.11 indeed applicable. We have proved the asserted inequality. 

Now assume uniform integrability due to assertion l(2). We get equality in Fatou's 
lemma. In case / is a constant, |3.4.7( becomes an equality, too. That proves asser- 
tion (1} first for a constant /. The general case follows from positivity and equal mass. 
Conversely, equality in Fatou's lemma implies Li convergence, which in turn implies 
uniform integrability ( IDoo94l Chapters 6.8 and 6.18]). □ 

Remark 3.13. The convergence result also holds on measurable functions f ® g of type 

[x, n) /(x) lif / continuous, R - ipiR c S''"\ i-\,...,N, 

i.e. J? is a totally invariant Borel set. (This is stronger than convergence on all con- 
tinuous functions.) Instead of setting = id e G in the proof by invoking Corollary 
|3.10[ we can exploit — g using Theorem |3.5| directly. Simply replace dJ^^(x) with 
d (J^^ (g) J^g) (jc, 0) , with jp^^, and id with (p . 

In some degenerate cases, the similarity dimension D can be an inappropriate rescal- 
ing, and C^^'^'^iF,-) can vanish trivially. One such example is the unit cube [0, 1]'' c R'', 
which is generated by 2^ similarites with contraction ratio 1/2 and fixed points in the 
corners. One of both variations can vanish even for "true" fractals, for example Cq' ^^'^ of 
the Sierpinski gasket. (See fWinOS'l for further discussion.) Such a situation can be de- 
tected by the concentration of the curvature near d J as e —> 0, i.e. away from fip-most 
of F. 

Corollary 3.14. In the situation of the proposition, if 

to 

1 

5^'o |ln5 

5 

then 

C^[Fi€),~Piecf xS''-^]^0 
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for almost all e <eo, where 

c:=max|4Cp^|/|^^(Fro|-Cp^ 
andCp, Cp are constants from (2.1.6( . 

Remark 3.15. Enlarging the cr-algebra can increase the mass of the absolute variation 
measure. In principle, our integrabUity assumption on (F (e) , •) as a measure in R'' x 
S'' 1 could be stronger than assumptions on Ck {F{e), ■ x S'^^^] in R''. IRZIOI worked 
with the latter. However, we know no examples of parallel sets F{e] where this matters. 
For example, let K :— {x & : \x\ = 1} be the unit circle. The set of outpointing nor- 
mals carries the positive Co mass, but they always share a footpoint with an inpointing 
normal carrying negative mass. 

sup Co[k,AxS''-'^]^0, 

ylCK2BoreI 

sup CoiK.A) =1. 

ylcR2xS<'-iBoreI 



Fact 3.16. r iRatOSI Lemma 3]J IfP{e) is a finite union of convex sets for some (and there- 
fore all) e > 0, then for k — l,...,d, 

sup Ck{F{e],AxS''-']^ sup Ck{F{e),A), 

AQR^Borel AQK^xS''-^ Borel 

i.e. for almost all x e F{e], the normal cone over x contributes either purely positive or 
purely negative mass. 

The lemma also holds for arbitrary compact sets F if e is large enough, see the proof 
of iZahll. Theorem 4.1]. 

4. Examples 

If F is the classical Sierpinski triangle, both ™d ^cJ'"|f ^re a constant multi- 

ples of their classical counterpart for an equilateral triangle, i.e. D^tac^p has equal atoms 
on the normals onto the three sides, and D^tac^p is a constant times the uniform distri- 
bution on S^. {D^tac^p is always rotation invariant for sets F in R^.) 



Let F c r2 instead be the modified Sierpinksi gasket shown in Figure 4.2 It is gen- 
erated by the following IFS: S, , / = 1,2,3 are the same as for the Sierpinski gasket. They 
contract by r,- — 1/2, rotate by 27ii/3 mod27r, and move the upper vertex onto the left, 
right, or upper vertex, respectively. The last similarity, S4, contracts by r4 = 1/4, rotates 
by O!mod27r, and has its fixed point (^1/2, V3/6j in the center. (F is connected only if a 
is an integer multiple of 27r/3.) 

The parallel sets are regular due to polyconvexity. The Open Set Condition is satisfied 
with /:=clconvF. 

The compact group G generated by the rotational components is 




^mod27r : fc,/eZ| if-, 

3 ) Ztz 



D(^!mc^p exhibits only the symmetry demanded by G-invarance. Identifying and SO (2) 
such that !%i id points downwards, Dc['"|p ^ (positive) multiple of the Haar measure 
on G. (Fine) approximation sets obtained by applying the IFS finitely often to / have a 
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Figure 4.1. IPS: images 
of convex hull 



Figure 4.2. Attractor F 
and parallel set F{e] 
(shaded) 



Ci measure with the same support. By contrast, DcJ™|f is always a (negative) multiple 
of the Haar measure on S^. 

If ff = 0, both DQiac^p and Dj^rmci^ agree with their classical counterpart (area measure) 
for a convex, equilateral triangle. 

Since Df^^cac^p is non-null, the fractal curvature-direction measures are the product of 
DQtac^p with the normalized Hausdorff measure on F: C^"^^"^ (F, •) — Df^iac^p g) /ip. 

Finally, the interpretation as fractal curvatures is justified by the fact they do not van- 
ish trivially, i.e. D is the appropriate choice of rescaling exponent. This follows either 
from an explicit computation or from I WinOS. Theorem 2.3.8]. 
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